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Abstract. We consider a discrete-time quantum walk Wt given by the Grover transformation on 
the Cayley tree. We reduce Wt to a quantum walk Xt on a half line with a wall at the origin. 
This paper presents two types of limit theorems for Xt. The first one is Xt as t — > oo, which 
corresponds to a localization in the case of an initial qubit state. The second one is Xt/t as t —* oo, 
whose limit density is given by the Konno density function [1-4]. The density appears in various 
situations of discrete-time cases. The corresponding similar limit theorem was proved in [5] for a 
continuous-time case on the Cayley tree. 



1 Introduction 

Let G be a group generated by k (> 2) free involutions. The generating set is given by 
£ = {ei, 62, ... , e K } with a relation ef = e, where e is the identity. The Cayley tree T K with 
the root e is an infinite homogeneous K-regular tree. The vertex set of T K is denned by the 
all possible reduced words in G such that 

V(T K ) = {e in e in _ x ■■■e il : e ij+1 ^ j = 1, 2, . . . , n (n > 1)} U {e}. 

Vertices g and h are connected if and only if ghr x G E. 

The state of a particle is described by a direct product of two Hilbert spaces TCp<&TCc, where 
Hp is generated by an orthonormal basis {\g); g G y(T K )} and He is associated with an 
orthonormal basis {|e,-); €j G £}. The unitary time evolution U is expressed as U = S ■ C, 
where shift operator S and coin operator C act on a state |^) G Hp (8> He in the following: 
if \g, e) is a base of Hp (g> He, then 

C\g,e) = J2(-^r + 2/K)\g,r), 
res 

S\g,e) = \eg,e). 
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Abbr. title: Quantum walks on trees 
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Thus the one step unitary transition can be written as 



(1.1) U\g,e) = J2(-^ + 2/K)\rg,r). 

res 

This paper is organized as follows. In Sect. 2, we reduce the quantum walk on T K to a 
walk on Z + = {0, 1,2,...}. Section 3 presents two types of the limit theorems. Section 4 is 
denoted to summary and discussions. Appendixes A and B give proofs Theorems 1 and 2, 
respectively. 

Acknowledgment. We thank Takashi Oka for useful discussions and comments. We also 
thank Takuya Machida for giving us nice figures (Figs. 1 and 2). 

2 Reduction to half line 

Throughout this paper, we will consider the quantum walk starting from the root e with the 

two cases of the initial qubit: for k > 3, 

Case (A) Uniform initial qubit: y?^ = t [1/\/k, . . . , 1/a/^L 

Case (B) Weighted uniform initial qubit: (f^ u = T [l/y/K, uj k /^/k, . . . , u^ 1 / ' *fR\ with uo K = 

Let us devide the set V(T K ) x £ into a disjoint union of Af\x), (j = 0,1,..., k-1, x G Z+) 
with 

A (+)U) = /{( e > e j)} :x = 0, 

1 \{(9,e) e V(T K ) x £ : \eg\ = x + 1, the first letter of g = ej} : x > 1, 

A { r\ x ) = {(g,e) e V(T K ) x £ : \eg\ = x- I, the first letter of g = ej} :x>l, 

where \g\ means the length of the reduced word g. To induce a reduction to a half line, we 
use the following lemma. 

Lemma 1 Let a t (g,e) e C be probability amplitude at (g,e) at time t, where C is the set of 
complex numbers. 

(1) Case (A) (the initial qubit <Po): 

If(g,c), (g',^) e V(T K ) <g>£ with \eg\ = \e'g'\, then a t (g,e) = a t (g',e'). 

(2) Case (B) (the initial qubit <f^ u ): 

If(g,e) G A^\x) and (g',e') G Af \x), then a t (g',e') = uj^a t (g,e). 

Proof. For part (1), from the symmetry of T K and the property of the Grover coin, we can 
show that for any (<?,e), (g',e') G A\ ± \x), a t (g,e) = a t (g',e') by induction on time step t, 
(see a more detailed proof in [6,7], for example). Then when the initial qubit is <Pq, we see 
that if (g,e),(g',e') G V(T K ) <g> E with \eg\ = \e'g'\, then a t (g,e) = a t (g',e'). For part (2), 
let V be a permutation on Tip ® He such that for a basis je^ ■ ■ ■tj l ,t m ) G 7ip <8> He, 
P|e Ja; • • -e h ,e k ) = \e jx(S1 ■ ■ ■ e jl0 i, e fee i), where x®y = mod [x + y, /c] and mod[a,6] is 
the remaider of a/6. We should note that if (g,e) G A^\x) and V\g,e) = \g',e'), then 
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(g f , e') G A^ x (x) (r G {+,—})• The group generated by V is an automorphism group of 
/t-colored T K with color set £, i.e., VSV~ l = S, (see [8] for a detail). Then from the symme- 
try of the Grover coin, we have VUV~ X = U. Remark that the initial state \e,ip^ u ) is the 
eigenvector of V with its eigenvalue e~ tu}K . Let the total state at time t be |\& t ) = Z7*|e, <p^ u )- 
Therefore we have V\$ t ) = e~ iujK \^ t ). 

When the initial qubit is tp^ or ip^ u , we can consider the time evolution under the subspace 
H! C Hp ® He generated by the following new basis: for the initial qubit ip^, 

\x) out = —= l Yl if> e )' ( x >°). 

L ) (g,e):\eg\=x+l 
V«V« l > ( 9 ,e):\eg\=x-l 

and, for the initial qubit <p^ u , 

^ K—l 
j K— 1 

VMK — 1) ~n r i 



Therefore the one-step unitary transition defined by Eq. (II. ip on the space H' is described 
as follows. If ip G {<Pq, <P^ u } be the initial qubit, then 



(2.2) U\x) in = -(1 - 2/k)\x - l) ou t + - 1/k\x + l) m : x > 1, 

{|l)m : aj = 0, y? = V?o, 

-|l)i„ :x = 0, <p Q = <Po V , 

(1 - 2/«)|ar + l) m + 2v^I//t|x - l) oui : x > 1, <^ G <^™}. 

Now we will show that the reduced quantum walk under a subspace Ti! with the time 
evolution given by Eqs. (12.21) and ( 12. 3ft is equivalent to a special case of quantum walk with 
a reflection wall at the origin on Z + introduced by Oka et al. [9] in the following. At first we 
give the^definition of the quantum walk with the wall. The space is described as Hp <g> He, 
where Hp is associated with an orthonormal basis {\x) : x G Z} and He is generated by 
an orthonormal basis {\R), \L)}. The time evolution U = S ■ C on Z with the initial state 
$o — |0, L) is given by 

(1) Coin operation: C\x, A) = \x) <g> H(x)\A) (A = R,L) with 

(2.4) H(x) = (1 - <y (aO)#K + e^5 (x)a, 

where 7 is a real number, 5q(x) is the delta measure at the origin, 



2vk^T/k -(1-2/k) 
1-2/k 2 v / ^I/k 
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and 



(2) Shift operation: 



a 



1 

1 



S\x,A) 




: (A — R), 
: (A = L). 



Define a Hilbert space TL' as a subspace of Hp <8> Tic* generated by a basis set 

{|0,L),|l,P),|l,L),|2,i?>,|2,L),...}. 

Note that £/*|0, L) £ W for any £ > 0. We should remark that the time evolution U on TC' 
given by Eqs. fl2.2l) and ( 12.31) is equivalent to the time evolution U on 7i' with the following 
initial qubit \L) with the following one-to-one-correspondence: 



\x) 



out 



\x,L), \x)i 



\x,R). 



Furthermore the case of 7 = (resp. 7 = n) in Eq. fl2.4p corresponds to the initial qubit ip^ 
(resp. p^ u )- Let W t be the quantum walk on T K at time t and X t be the quantum walk 
with the wall at time t. By definition, so we have P(|Wi| = x) = P(X t = x). 



3 Limit theorems 

In this section, we will show that a localization occurs in the case of the initial qubit . 
The definition of the localization considered here is that there exists a vertex v £ V(T K ) such 
that limsup^oo P{W t — v) > 0. Figured] (resp. Fig. [2]) depicts the distribution of W t on T 3 
at time t = 10 with the initial qubit y?^ (resp. <$f u ). We can see that if \g\ = \h\, then the 
finding probability at g is equal to one at h as we have shown in Lemma [U Furthermore we 
can see a high probability at the origin with the initial qubit ^ u ■ Figure. [3] (resp. Fig. @| 
shows the distribution of X t on Z + at time 500 with the initial qubit y?Q (resp. ^ u )- The 
solid lines in Figs. 3 and 4 represent the quantum walk, and dotted lines in Figs. 3 and 4 
represent the classical random walk. 

From now on, we present the limit theorems corresponding to a localization for X t and a 
weak convergence theorem for the rescaled X t /t. The first theorem describes the localization 
for Case (B) suggested by Figs. 2 and 4. 

Theorem 1 Let P^ E \x) = \im t ^ 00 P(X 2t = x) and Pj 0) (x) = lim^ P(X 2t+1 = x) for 

X £ Z + . 

(1) Case (A) (7 = ; i.e., ip^ case) : for x £ Z +; 

p( E \x) = PP(x)=0 (x>0). 
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Figure 1: Initial qubit is ip^ . 



Figure 2: Initial qubit is (pff 
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Figure 3: Initial qubit is <Pq 



Figure 4: Initial qubit is tpl 
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(2) Case (B) (7 = n, i.e., (p^ u case) : for x G Z +; 

(^rf) 2 {<*o(x) + (1 - 6 (x))k (^y) X '} ; x = even, 



P (o)( 



x 





k (H) 2 (^t) x ;^ = odd ; 

: x — even. 



x = odd. 



The proof can be seen in Appendix A. Remark that for Case (A), C K (A) = XLez + P* 



X 



Exez + P*°\x) = 0, and for Case (B), 



K - 2 
K- 1 



< 1. 



That is, {P* (i?) (x) : x G Z + } and {P* (0) (x) : x G Z + } are not probability distributions for both 
cases. The following weak convergence theorem explains the vanishing values 1 — C K (A) = 1 
and 1 - C K {B) = 1/(k - 1)(> 0). 

Theorem 2 As t —> 00, 

X t /t => Y, 

where " means the weak convergence. The limit measure is defined by 

f K (x) ; Case (A), 



(3.5) 



Pk{x) 



C K (B)8 (x) + (1 - C K {B))f K {x) ; Case (B), 



where, 



x 2 I [QAk) {x) 



(3.6) /„(*) = (« -2)— u ' aK ^_^ , a« = 2v^T/K, 

and Ia{x) is the indicator function of a set A. 

As for the proof, see Appendix B. Note that the coefficient S (x) in Eq. (13. 5p for Case (B), 
i.e., C K (B), corresponds to the localization. Furthermore f K (x) in Eq. (13.61) is described as 
the so-called Konno density function [1,2] with a weight function kx 2 , that is, f K (x) = 
K,x 2 fi K {x,a K )I[ ,oo){x), where 



( \ VI - a 2 

7r(l — rjvo — x 

The Konno density function appears in discrete-time quantum walks on Z [1-3] and on 
Z 2 [10] as the limit density function for a suitable scaling, where Z is the set of integers. 



4 Summary and discussions 

We reduced a discrete-time quantum walk W t on the Cayley tree to a walk X t on Z + . We 
have obtained two types of limit theorems for X t . The first one corresponds to a localization 
of X t . The second one is a weak convergence theorem for X t /t, where the limit density can 
be described by the Konno density function [1-4] . To clarify a relation between the previous 
works of [11-13] and our result seems to be challenging. 

We can also reduce quantum walks on distance regular graphs such as the Hamming graph, 
the Johnson graph, etc., to a half line in a similar fashion. So the study on limit theorems 
for quantum walks on these graphs would be one of the future interesting problems. 
Finally we give an interesting relation between our discrete-time quantum walk on T K and the 
continuous-time quantum walk on T K studied by [5] with respect to the weak convergence. 
The total Hilbert space of the continuous-time quantum walk on T K is associated with an 
orthonormal basis {\g} : g G V(T K )}. The state at time t with the initial state |e) 
is given by ^f[ c ' = U t \e) with U t = e ttAK ^, where A K is the adjacency matrix of T K , i.e., 
(A K )g jh = I{( g ,h):gh-iex}(g,h). Here I x (x,y) = 1, if (x,y) 6l, = fl, if (x,y) (£ X. Let \x) = 



|e) (x — 0), = 1/y k(k — l) x 1 Ylg:\g\=x \d) ( x — !)• Then we can reduce the continuous-time 
quantum walk on T K to a walk on the subspace TC^ generated by {\x} : x £ Z + } as in 
the discrete-time case. Assume that a t (x) denotes the amplitude at time t at position x of 
the reduced walk on Z + . By a quantum probabilistic approach [14,15], the following limit 
theorem was shown in [5]: 

lim a t {x) = {x + l)i x Jx+li2t \ 

K—*OC t 

where J x (n) denotes the Bessel function of the first kind of order n. Let X^' be a continuous- 
time quantum walk starting from the origin defined by 

P(X\ = x) = {x + 1) . 
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Furthermore, the following weak limit theorem was proved in [5]: as t — > oo, 

x[ c) /t^Y^\ 

where has the density 

p i - c \x) = x 2 fi A (x;2)I [0tOo) (x), 



with ha(x;o) = I^\ a \^\ a \)(x) / a? — x 2 ). As shown in [16], ^a{x; a) is the rescaled limit 
density function for a continuous-time quantum walk on Z. On the other hand, Theorem 2 
gives a similar result: 

f K (x) = Kx 2 fi K (x; a K )I[ 0iOO )(x), 

where the Konno density function fix is the rescaled limit density function for a discretei- 
time quantum walk on Z. 

Appendix A: Proof of Theorem [TJ 

Let ^t{x) be the coin state at time t and position x G Z + of the quantum walk with 
the reflection wall at the origin. Let ty(x;z) denote a generating function for ^(x) such 
that z) = J2t>o ^t{x)z l . From the result of [9], we can obtain an explicit expression for 
ty(x; z) = T [$ (L) (x; z), z)) in the following: 



(4.7) ¥ L \x;z) 

(4.8) ¥ R )(x;z) 



' 'm K {\{z)f-\a K z - \{z))$& ;x>l, 
m K (z - a R \{z))z^i ; x = 0, 

z(A(^)r^ ;x>l, 
; x = 0, 



with a K = 2y/ k — 1/ k, m K = k/(k — 2) (Case A), = — ac/ (k — 2) (Case B), and 

" 2 + 1 - v/z 4 + 2(1 - 2a2)^ + i 



X(z) = - 



u{z) 



2a K z 

2 — m K + m K z 2 — m K y/z* + 2(1 - 2a 2 K )z 2 + 1 



2(1 -m K ) 
For r G (0, 1), we get 

^t(x) = J— f $(x: z 



Remark that ||^(x; z)|| 2 < 1. Then f\ x \ =ri ^{x; z)/z t+1 dz — > with n > 1 as t — > oo. So we 
have 

* t (x) -> - (Res(^(x; z), 1) + Res(^(x; 2), -l)(-l) m ) (t -> 00). 
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The above equation gives 



lim 

t— >oo 



x-l 

;x>l, 



(l + (-l) x -+')m K z/(l)(l/2-l/K) ;x = 



lim 

t— >oo 



x-l 

; x > 1, 



im*«(x)=|( 1 + (- 1 ) I+ >«W"/ 2 

; x = 



The desired conclusion follows from z/(l) = (Case (A)), = (re — 2)/(/c — 1) (Case (B)). 
Appendix B: Proof of Theorem [2] 

Let #(Jfc;z) = (Jfe;z),tf (A;; z)] = #(x; z)e te . When |A(z)| < 1, Eqs. (O) and 

(Oil imply 



(z + l)(z-l) 2(^ + l)(z-l)(z-e ie ( fc ))(z-e-^ fc )) 



(z + l)(z - l)(z - e ie «)(z - e~ ie «) ' 

where <j>^\k,z), </>S L) (M), <j) (R) (k,z) are some regular functions on C, and cos6(k) = 
a K cosk. Since ||\I/(A;; z)\\ 2 < oo (\z\ < 1), we can rewrite ^(k;z) as ^(fcjz) = ^2 t>0 ^tityz 1 
with $ t (jfe) = J2 X ^t{x)e ikx . For r G (0, 1), we have 



2vri 7| z | =ro ' z m ' 

Then for |z| > 1, ||*(fc, z)\\ 2 < oo implies L, =ri *(fc, (t -> oo) with r a > 1. So 

-* t (ife) -> Vi(*0 + ip-i(k)(-l) t+1 + ^ + (A;)e-^ +1 ^ + ^_(A;)e i(m)e(fc) (t -> oo), 

where ^±i(fc) = Res($(fc, 2); ±1) and ^±(Jfe) = Res($(fc, 2); e ±i9(fc) ). The definition of 
gives 

(4.9) ^[e**] = j( (**(*), *t(* + 0>^- 



Hence 



2 " dk 



(4.10) y o (n^(*)ir+i^-i(*)ir)2^ = («-2)/(K-i), 

(4.11) / ((-01 (A;), ip-i(k)} + <VL.i(*),lk(*)» — = 0. 
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Note that the right-hand side of Eq. (14. 101) is nothing but C K (B). Combining Eqs. (14.91) . 
(14.101) and (14.111) with the Riemann-Lebesgue lemma, we have 



(4.12) lim E r e «^/*l = — + r e -W%(k)— + r e^q(k) — , 

t^oo k — 1 J 2tx Jq 2w 



where h{k) = d9(k)/dk, p(k) = ||?/> + (£;)|| 2 , q{k) = \ \ip-(k) | | 2 . An explicit expression for h{k) 
is 



h(k) = a K sin kj a/1 — a 2 cos 2 k. 

Then h'(k) = dh(k)/dk = a K (l— a 2 ) cos k/(l— a 2 cos 2 /c) 3//2 . Put h + {k) = I[o, 7 r/2)u[3Tr/2,2n)(k)h(k) 
and h_(k) = I(TT/2,3ir/2)(k)h(k). If x = h±(k) with \x\ < a K , then the solutions k±(x) are 
given by 

cos(k±(x)) = ± — W- 5 -, sin(£; ± (x)) 



Therefore we obtain 



h'(k±(x)) = ± 



I - x 2 ' ~ ' ' a K y/l - x 2 

(l-x 2 )^ 



' a 2 — x 2 



p{k±(x)) = (1 + sgn(x)) 



q(k±(x)) = (1 + sgn(x)) 



<k-2) 2 x 2 



Ak(k — 1) a 2 — x 2 
{k - 2) 2 x 2 



— 1) a 2 — x 



2 ' 



where sgn(x) = 1 (x > 0), = (x — 0), = — 1 (x < 0). Then by putting h(k) = x, the 
second and third terms of right-hand side of Eq. (14.121) can be expressed as 

2tt ii poo 

(e-* h Wp(k) + e^ h(k) q(k)) — = / e^ x w(x)^ K (x; a K )dx, 
where /ix(x; a) is the Konno density function and weight function w(x) is given by 



w(x) 



Thus we obtain the desired conclusion. 



^x 2 ;Case(B). 
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